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Abstract
Generalized Charlier polynomials are introduced as semi-classical orthogonal polynomials of class 1 with one parameter.
Main characteristic data are established from the Laguerre{Freud equations generating the coecients of the recurrence
relation satised by the polynomials. c© 2000 Elsevier Science B.V. All rights reserved.
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1. r-generalized Charlier polynomials
Classical continuous and discrete orthogonal polynomials are dened by a positive weight  
(x), solution of a Pearson dierential or dierence equation given, respectively, by
D((x)(x)) = (x)(x); ((x)(x)) = (x)(x); (1.1)
where Df = df=dx = f0; f(x) = f(x + 1)− f(x); (x) is a polynomial of degree 62 and (x)
of degree 1. A striking dierence between continuous and discrete case arises from the following
considerations:
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Let us consider in both cases the equation satised by a new weight
  (x) = [(x)]; > 0:
In the continuous case, using dierential equation (1.1)
0

= 
0

= 
− 0

=
− (− 1)0 − 0

(1.2)
and the power of the classical weight is still a classical weight which satises:
()0 =  with  =  and = − (− 1)0 (1.3)
(  staying of rst degree).
The discrete case is completly dierent. From (1.1)
(x + 1)
(x)
=
(x) + (x)
(x + 1)
(1.4)
and now the  power of this discrete weight becomes solution of
(x + 1)
(x)
=

(x) + (x)
(x + 1)

(1.5)
which is never classical, and only semi-classical if  is a positive integer. Classical Charlier polyno-
mials correspond to (x)=x and (x)=−x with its orthogonal support being all integer i; (> 0).
The solution of (1.4) is given by Nikiforov and Uvarov [4]
(i) =
i
i!
i = 0; 1; : : : (1.6)
The r-generalized Charlier polynomials are dened from Eq. (1.1) with
(x) = xr; (x) =  − xr; r is a positive integer; (1.7)
giving now for the weight r
r(x + 1)
r(x)
=

(x + 1)r
; (1.8)
the solution being
r(i) =
i
(i!)r
; i = 0; 1; : : : : (1.9)
For r = 2, this weight is semi-classical of class s= 1 and the moments Mk() =
P1
i=0 i
ki=(i!)2 can
be expressed in terms of modied Bessel functions Ik ; k = 0 and 1
M0() = I0(2
p
); M1() =
p
I1(2
p
): (1.10)
The recurrence relation for the moments easily obtained from Eq. (1.9) reads
Mk+2() = Mk()−
kX
i=1

k
i

(−1)iMk+2−i(): (1.11)
The corresponding power of a Charlier weight (of parameter
p
) is given by
()2 (i) = [
(
p
)(i)]2; i = 0; 1; : : : : (1.12)
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These generalized Charlier polynomials with r = 2 denoted C
()
n (x) cannot be obtained from any
weight modication of the Charlier polynomials Cn (x), in contrast to the generalized Meixner case
introduced in [5].
2. Recurrence coecients for the generalized Charlier orthogonal polynomials (r = 2)
Let (Pn)n>0 be a family of monic polynomials of degree exactly equal to n and orthogonal with
respect to a positive weight (x). The three-term recurrence relation satised by the family (Pn)n>0
writes as
Pn+1(x) = (x − n)Pn(x)− nPn−1(x); n>1
P0(x) = 1; P1(x) = x − 0; n 6= 0 for all n>1:
(2.1)
The family of orthogonal polynomials (Pn)n>0 is said semi-classical of class s, with respect to a
dierence operator  [2,3], if
() = ; (2.2)
(x) and (x) being given polynomials of xed degree with
s=maxf[degree of (x)]− 1; [degree of (x)]− 2g:
A crucial problem consists to deduce the recurrence coecients n; n as function of the coecients
contained in (x) and (x) [1{3]. This leads to a coupled algebraic system of equations giving n
and n that are called Laguerre{Freud equations [2,3].
For
(x) =  − x2; (x) = x2; (2.3)
the Laguerre{Freud equations for the generalized Charlier polynomials (r = 2) reduce to
n+1 =
n−1X
i=0
i + nn − n − 2n −

n
2

+ ; n>1; (0  0) (2.4)
(n+1 + n)n+1 =
nX
i=0
2i + 2
nX
k=1
k − n
nX
i=0
i + (n+ 1)n+1 +

n+ 1
3

; n> 1; (2.5)
with the following initial values:
0 =
M1
M0
=
p

I1(2
p
)
I0(2
p
)
; 1 =  − [0]2; (2.6)
M0 and M1 being the moments of zero- and rst-order, respectively. Then the coecient n+1 can
be uniquely expressed as function of n such that
n+1 = n
nX
i=0
(−1)in−i + 2
NX
i=1
i(n+1−2i − n−2i)
−
nX
i=0
(−1)i2n−i −
n−2X
i=0
(−1)i

n− i
2

+  − 20 (2.7)
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with N = integer[n=2; (n+ 1)=2]: The computation of n and n values versus n for various , using
computer algebra, leads to the following remarks:
(i) For each given , the function n versus n asymptotically tends to , and this asymptotic value
is reached as shorter as  is smaller; in particular for 60:1; n =  = constant 8n;
(ii) For each given , the function n versus n evolves to become equal to n and this equality
occurs as more rapidly as smaller ; in particular, for smaller  (typically for 60:1), this
function equals to n (n  n) 8n.
Whence, the three-term recurrence relation (2.1) satised by the family of the 2-generalized monic
Charlier semi-classical orthogonal polynomials should be written as
Pn+1(x) = (x − n)Pn(x)− Pn−1(x); (2.8)
when n!1.
Let mention that n and n can be explicitly expressed in a representation involving exclusively
the relevant parameters  and M1 and M0. For example, the rst coecients, write as
1 =  − 20;
1 =
 − 0 + 30
 − 20
;
2 =
−0(220 + 0 − 2)
(20 − )2
;
2 =
350 + (2 + 1)
4
0 − 330 − 4220 + 23
0(20 − )(220 + 0 − 2)
:
(2.9)
3. Structure relations and second-order dierence equation
As any semi-classical orthogonal family, Pn(x) satises a structure relation which for the class
s= 1 reduces to
(x)3Pn(x) =
n+2X
i=n−2
n; i Pi(x); (3.1)
where n; i are constants. These ve coecients can be computed [6] in general from the recurrence
coecients n; n, and in the generalized Charlier case (r = 2) reduce to (n;n+2  0)
n;n+1 = n; n;n =−

n
2

+ nn +
n−1X
i=0
i; n;n−1 = n(n−1 + n); n;n−2 = n−1n: (3.2)
Using basic recurrence (2.1), structure relation (3.1) can be reduced to
(x)3Pn(x) = Nn(x)Pn−1(x) +Mn(x)Pn(x); (3.3)
or, equivalently, to a similar equation using the following relation between 3 and :
3Pn(x) = Pn(x)− 3(Pn(x)) = Pn(x − 1); (3.4)
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where
Mn(x) = n;n − n;n−2n−1 + (x − n)n;n+1
Nn(x) = n;n−1 +
n;n−2
n−1
(x − n−1)− n;n+1n:
(3.5)
In the same way, one can use another structure relation given by
((x) + (x))Pn(x) =
n−1X
i=n−2
~n; iPi(x) (3.6)
such that
(x) = (x) + (x) =  (3.7)
and
~n;n−1 = n; (3.8)
~n;n−2 = 
"
n
2

− nn−1 +
n−1X
i=0
i
#
: (3.9)
The structure relation (3.6) thus rewrites as
Pn(x) = ~Nn(x)Pn−1(x) + ~Mn(x)Pn(x); (3.10)
with
~Mn(x) =−
~n;n−2
n−1
~Nn(x) = ~n;n−1 +
~n;n−2
n−1
(x − n−1): (3.11)
Using now Eqs. (3.3), (3.4) and (3.10), and after some trivial algebra consisting to eliminate Pn−1(x)
from the equations, we obtain the following second-order dierence equation:("
n−2X
i=0
i + (1− n)n−1 +

n
2
#
x3 +
"
nn−1 + (n− 1)2n−1
−n−1
 
n−2X
i=0
i +

n
2
!#
x2
)
3Pn(x)
+
("
(n− 1)n−1 −
n−2X
i=0
i −

n
2
#
x3 +
"
n+1
 
n−2X
i=0
i +

n
2
!
+(1− n)2n−1 − nn−1
#
x2 + n−1nx + n−1n(n − n)
)
Pn(x)
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+
("
n
n−2X
i=0
i + (n− n2)n−1 + n

n
2
#
x2
+
2
4n−2X
i=0
2i + 2
X
06i<j6n−1
ij + (n− 1)22n−1 − 2nn−1
n−2X
i=0
i + n2n−1 −

n
2
235 x
+nn
"
n−2X
i=0
i + (1− n)n−1 +

n
2
#
+ n

n2 +

n
2

n−1
−n

2n−1 + n−1 +

n
2

+ 2n−1
"
n
 
n−1X
i=0
i −

n
2
!#
+n−1
2
4n n−1X
i=0
i −
 
n−1X
i=0
i
!2
+

n
2
235− nn
2

n−1
9=
;Pn(x) = 0
satised by the 2-generalized Charlier polynomials.
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